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Abstract. We consider the problem of detecting multiple change points
within time series by exactly optimizing a penalized likelihood. We in-
troduce a novel and efficient algorithm called DUST, which combines
dynamic programming with an inequality-based pruning step for dis-
carding relevant indices. The talk will be focused on the presentation on
the duality method for DUST along with simulation results highlight-
ing its time efficiency in a large class of data models. We developed an
Repp package utilizing polymorphic classes, which is available on GitHub
https://github.com/vrunge/dust!|
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1 The Pruning Efficiency Problem

Change point detection in time series is essential in fields like finance, genomics
or climate change among many others. The goal is to identify points where the
underlying distribution of the series changes. Although the OP (Optimal Par-
titioning) algorithm provides an exact solution for both univariate and multi-
variate series, its time complexity of O (n2) makes it computationally expensive,
especially for long series. For instance, optimizing a series of length 10* might
take 10 seconds, while a series of 10° could take 17 minutes.

Pruning can significantly reduce the computational load of the algorithm.
While the PELT algorithm [I] is a strong alternative to OP, it struggles with
sparse change points. FPOP [2] excels with one-dimensional Gaussian data but
falters in higher dimensions or non-Gaussian settings. Our proposed DUST al-
gorithm builds on FPOP without these limitations.

We present a brief introduction to the change point problem for univariate
data and the duality structure used by DUST. Preliminary simulations highlight
its efficiency and versatility across exponential family cost models. The talk will
extend these results to the multivariate case.
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2 Introducing the DUST algorithm

2.1 The OP Algorithm

Consider some data set y1., = (y1,-..,yn) € V™. Suppose there exist K change
points in yj.,, i.e. there exists an increasing vector of change points 7 = (0 =
T0sT1y- -y TK,Tk+1 = n) that defines K + 1 segments made of iid data. We
introduce the penalization function myg : 8 — K[, and the cost function ~ :
Y x ©® — R where @ C R is some set of parameters, often the mean of the
distribution. For Gaussian model and data point y, we have y(y,0) = (y — ).
We find the number and location of the change points by computing:

K Tj+1
Q”::Kffeir%,e{z > v (i6)+8 —6}- (1)

§=0 |i=r;j+1

The OP algorithm divides this problem into n embedded sub-problems so that
@, may be computed through a recursion over Q,,_1,...,Q1. Let Qo = — and
T: ={0,...,t —1}. We get the following recursion Vt =1,...,n

Q= mln{QT+man o +/3}—mlpmmqt<9> (2)

i=7+1

Reducing the size of 7; with the addition of a pruning step is instrumental in
reducing the computational cost of the OP algorithm. Denote ¢! (0) := Qs + 3
and consider 7¢(0) := argmin;c, 4 qi (). This function gives us the optimal
last change point at time ¢ for each value of parameter §. We know that S7(6) :=
{6 : 7:(6) = s} shrinks as t increases and we can therefore deduce that if no value
of 8 maps to s at time ¢ then s will never be the optimal last change point for
any time 7" > t and it can be pruned.

2.2 The Duality Test

The previous pruning rule requires storing each S7(#) at each time ¢ for each
s € T;. This incurs a high computational cost (see [4]), especially at higher
dimensions, which is why we developed a test with no storing required. We simply
compare s to a single other index r based on the fact that if 3r # s, r <t such
that V0, ¢;(0) > min{q¢; (0), Q: + B}, then S§ = 0. This allows us to define the
minimization problem:

Gr,s,¢ += min{g; (6) : ¢;(0) — q; (9) < O} (3)

If the condition gy , , > Q¢+ f is true, s may be pruned. However, the constraint
is not convex, which may hinder the optimization process under certain models.
To circumvent this issue, we consider the duality problem, with the lagrangian

function L;,s,¢(6, 1) := ¢; (0) + 11 (¢; (0) — ¢; (9)) and ;3% == (t — 5)/(s — r):
dr.,:= max mein L0, ). (4)
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By property of the duality problem, we have d ., < gq; ;. Therefore d;  , >
Qi+ B8 = 4q; s, > @+ B and we may prune s based on the value of dy ;.
This outlines the generic principle of the DUST method where upon computing
Q: at each time ¢, we loop through each s € T;, and compute dy , , to perform

the pruning test.

3 Simulation Results in 1D

Simulations show strong pruning capacity (Fig. , as the size of T; increases
very slowly in the random Poisson version reaching #7,, ~ n/100, and stabilizing
around n/350 in the Gaussian variants, with 8 = 2log(n). Figure [Lb| shows the
lines defined by linear regressions of formula log(time) = a + blog(n) for the
DUST and FPOP algorithms, in Gaussian 1D data. All regressions are strongly
significant and each R? value approaches 1. It is clear that the efficient pruning
in DUST’s Gaussian version allows the algorithm to reach lower run times than
FPOP, especially on data with many change points.
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